Abstract -A mathematical model of an electromechanical system excited by piezoceramic patch actuators is developed. The model is based on the solution to the dynamic contact problem for a set of flexible strips interacting with a free elastic layer. Unlike the conventional models, which describe the mechanical part by the dynamic equations for beams, plates, or shels, the proposed model, in addition to the first fundamental modes, also takes into account the higher normal modes of an elastic waveguide. Results obtained with the proposed model and with the simplified models prove to be in good agreement in the low-frequency range. Numerical examples illustrate resonance energy radiation associated with higher modes of the laminate strip-layer structure, as well as the possibility to control its directivity.
INTRODUCTION
Today, electromechanical systems with piezoceramic actuators of elastic waves in the form of flexible surface patches or interlayers in waveguide structures find increasingly wide application. For example, such systems are used in shell structures of aerospace units with sets of sensors, active systems of vibration damping in cars or rooms, precision positioning gears operating on the basis of surface elastic waves, etc. The advantages of piezoceramic plates are their small weight, flexibility, and relatively low cost. Therefore, structures supplied with sets of distributed piezoceramic sensors or actuators are classed with smart structures.
In the design of smart materials and corresponding electromechanical systems, an important part is the development of mathematical models adequately describing the wave processes in these objects. Under an electric field, piezoceramic patches perform longitudinal vibrations, which cause bending strains in thinwalled structure elements to which they are attached. Therefore, the first studies were devoted to low-frequency flexural and longitudinal vibrations in beams, plates, and shells (see, e.g., the review [1] ). However, such models fail when the wavelength is commensurable with or smaller than the waveguide thickness, for example, in the case of piezoceramic motors and precision gears driven by Rayleigh surface waves [2] .
Another problem is related to the mutual effects in a system of strip actuators. As a rule, engineering calculations simply superimpose the fields excited by individual elements without considering their mutual influence or the distribution of contact stresses (point sources). This approach is only applicable in the lowfrequency band, where the aforementioned conventional simplified waveguide models are valid.
In this paper, we propose a mathematical model that describes a device with surface-bonded piezoceramic patches with allowance for the effects neglected by the conventional models. First, instead of a beam or plate, we consider a waveguide in the form of an elastic layer (or a multilayered structure) in which, in addition to the first fundamental modes, higher normal modes of different kinds are excited. Second, the mechanism of interaction between the patches and the waveguide and their mutual influence are rigorously described by the solution to the corresponding contact problem. Results closest to the model under development were reported in [3, 4] , where the interaction of a strip with an elastic substructure was described by the solution to an integral equation, but the waveguide was represented by a half-space rather than by a layer.
In the two-dimensional formulation, the corresponding boundary-value problem is reduced to integro-differential equations in the unknown distributions of shear contact stresses q ( x ) and patch displacements v ( x ) . The equations are solved by reducing them to an infinite algebraic system, which is regularized using the information on the stress singularity at the patch edges. from the simplified models (a plate with point bending moments) makes it possible to estimate the range of applicability of the latter. We also present numerical examples that explain the mechanism of the resonance effects ignored by the simplified models and illustrate the possibility to obtain directional radiation by phasing of the driving electric field.
DESCRIPTION OF THE MATHEMATICAL MODEL

An Elastic Waveguide
We consider a homogeneous isotropic elastic layer of thickness h , which occupies the domain -∞ ≤ x , y ≤ ∞ , -h ≤ z ≤ 0 , and assume that M flexible piezoceramic patches of thickness h m ( m = 1, 2, …, M ) are attached to the layer surface z = 0 (Fig. 1) . Outside the contact region, the surface z = 0 is stress-free, and the lower surface z = -h is stress-free as well. Steady-state harmonic vibrations of the layer u e -i ω t ( u is the complex amplitude of the displacement vector) excited by shear contact stresses τ xz = q , which arise in the contact area Ω as a result of the longitudinal strain of the patches along the x axis under the effect of a transverse electromagnetic field with a given electric field vector E = (0, 0, E z ) (here and below, the time-harmonic factor e -i ω t is omitted and the quantities are represented in terms of their complex amplitudes).
The waveguide properties of the layer under consideration are well known [5] . Displacements u produced in this layer by a surface load q can be represented as a convolution of the Green matrix of the layer k ( x ) with q . In the two-dimensional case (a plane strained state), we have (2.1)
is the contact interval of the m th strip of width 2 a m with the surface ( x m is the center of Ω m ). In the model under consideration, the contact stresses are purely shear: q = ( q , 0) ; therefore, in Eq. (2.1), only the first column of matrix k is significant. Formula (2.1) with q = ( q , 0) can be represented in an alternative form:
Here, K 1 = (-iM 1 , α S 1 )/ ∆ is the first column of the Fourier symbol of the Green matrix where Ᏺ is the operator of the Fourier transformation over x and Q = Ᏺ [ q ] . The integration contour Γ goes along the real axis Im α = 0 and deviates from it to the complex plane α to bypass the real poles ζ k of the elements of matrix K. The direction of bypassing the pole is chosen according to the principle of limiting absorption [6, 7] .
For x ∉ Ω, the closure of the contour Γ and the replacement of integral (2.2) with the sum of residues GLUSHKOV et al.
leads to a representation of u(x) in the form of an expansion in normal modes: It should be noted that representations (2.1)-(2.3) are valid for an elastic waveguide with an arbitrary stratification (a gradient-type or piecewise homogeneous dependence on z), and the difference is enclosed in the specific form of the elements of matrix K. Therefore, after their derivation and after finding the required poles and residues, the approach described below is suitable for analyzing arbitrary layered substructures (see, e.g., [8] ).
In the case of a free homogeneous layer under consideration, we have
Here, the quantities cc nm and cs nm are obtained from ss nm and sc nm by replacing sinh with cosh and vice versa; σ 12 = σ 1 σ 2 , σ n = , where κ n are the wavenumbers of bulk P and S waves (κ 1 = ω/v p and κ 2 = ω/v s , respectively); and γ 2 = α 2 -/2.
The first N real poles ζ k in Eq. (2.3) correspond to traveling waves that go to infinity without attenuation with a phase velocity v k = ω/ζ k and group velocity c k = dω/dζ k (k = 1, 2, …, N). The complex poles ζ k with k = N + 1, N + 2, … correspond to exponentially decaying
The dependences ζ k (ω) (both real and complex branches of the dispersion curves) are obtained numerically by solving the transcendental equation ∆(ζ k , ω) = 0. Their form is well known; however, for clarity, we present several first real branches in Fig. 4 . At low frequencies, the first two modes with m = 1, 2 (the antisymmetric a 0 and symmetric s 0 modes) are transformed into the flexural and longitudinal modes of a thin plate with the corresponding elastic properties.
A Piezoceramic Patch
Analysis of the wave fields excited by a set of piezoceramic strip patches is reduced to determination of the unknown contact stresses q(x) (or constants Q( ζ k ) for Eq. (2.3)). In the framework of low-frequency onedimensional models (a beam or a plate), the effect of the load q(x) is usually approximated by pairs of bending moments or longitudinal forces concentrated at the ends of each of the strips with the characteristics of these moments or forces depending on the electric field E z , electromechanical coupling constant d 31 , and geometrical and elastic parameters of the strip-beam system [9, 10] . However, for the two-dimensional model, this approximation is too rough. Therefore, the distribution of q(x) should be determined with allowance for both the elastic response of the waveguide and the strain of the patches ε x = ∂v/∂x, where v represents the longitudinal patch displacements.
In the proposed model, the equations describing the longitudinal patch motion are derived under the following assumptions. As the displacements in the layer, the patch displacements are independent of y; because of the small patch thickness h m Ӷ l (where l is the characteristic wavelength of body waves in piezoceramics), they are also independent of z. In addition, for a thin flexible patch, the shear strain γ xz and the surface stress σ z are assumed to be negligibly small. Under these assumptions, the generalized Hooke law [12] , which gives a linear matrix relation between the components of the stress and strain tensors and the electric field vectors E, is reduced to the scalar relationship [11] (2.5) and v m and q m coincide with v and q for x ∈ Ω m , while outside Ω m they are equal to zero. Equations (2.6) follow from the condition that the projection of the resultant force acting on a patch element of length dx, height h m , and width dy onto the x axis is equal to zero ( Fig. 1) :
The first term in Eq. (2.7) is the sum of forces -σ x h m and (σ x + dσ x )h m acting on the ends of the element dxdyh m , the second term represents the action of contact stresses q m , and the third term is the inertial force.
We assume that the electric field E z is uniform within each of the patches; i.e., dE z /dx ≡ 0 for x ∈ Ω. At the ends of the patches, σ x = 0. Hence, in view of Eq. (2.5), the following boundary conditions are satisfied at these points:
where E z, m = is the field E z within the mth strip and the phase shift ϕ m controls the radiation pattern of the strip system.
In the contact area, the condition of equal displacements is satisfied:
In view of Eq. (2.2), this condition leads to the integral relation (2.10)
2) and (2.4)).
3. DISCRETIZATION OF THE PROBLEM To numerically solve the integro-differential problem (2.6), (2.10) with boundary conditions (2.8), we tested several approaches, which were versions of the Galerkin method. They differed in the choice of the basis functions used for expanding the unknowns q m and v m and in the projector systems used for discretization (splines and orthogonal polynomials). The Galerkin method allows one to perform a numerical analysis, but its efficiency decreases with increasing frequency (with increasing number of normal modes) or size of the contact area because of the increase in the number of basis functions that is necessary to achieve the required accuracy. This leads not only to an increase in the amount of computations but also to a numerical instability in solving the associated algebraic problems.
These disadvantages are absent in the method of solving the Wiener-Hopf integral equations with a mer-
omorphic kernel symbol, which was proposed in [13] for the circular punch-elastic layer contact problem. Later, this method was generalized to the case of matrix integral equations (a contact with adhesion) and to plane-strain problems with an integral operator of type (2.10), but with a given right-hand side f(x) instead of the unknown v(x) and with a single segment Ω = [-a, a] instead of the set of strips under consideration, Ω = ∪Ω m [14] . These changes required some modification of the method, whose general scheme used for solving the equation q = f, |x| < a, is as follows.
According to Eq. (2.3) , the unknown function ϕ(x) = q, x ∉ Ω, which extends the right-hand side of the equation over the whole axis, can be represented in the form of a series:
Proceeding from the functional relation
, which is the Fourier transform over x for the integral equation extended by function ϕ to the whole axis, the desired Q = (F + Φ)/K is also expressed in terms of the unknowns involved in Φ. Since Q(α) is an entire function (as the Fourier transform of compactly supported q(x) defined in the bounded region Ω), the poles associated with the zero points of K(α) (z l : K(±z l ) = 0) should be removable:
Substitution of Φ in the form of the series obtained from Eq. (3.1) into Eq. (3.2) yields an infinite algebraic system of equations in t k = ( , ):
where f l = -(F(z l ), F(-z l )) and a lk are 2 × 2 matrices.
The regularization of system (3.3) that provides for the stable numerical truncation is performed by replacing t k with their asymptotics for ∀k > N 1 > N. The behavior of t k with k ∞ is determined by the order of singularity of q(x) at x ±a (see [14] ).
The efficiency of this approach is explained by the fact that the wave nature of the dependence of unknowns q, v, and ϕ on x is determined by the exponential components and with real z l and ζ k . As the frequency grows, the form of q and v becomes more complicated, which requires more basis functions for their approximation by splines or polynomials. In the proposed scheme, these exponentials are separated in the explicit form, and the error is only introduced by truncation or replacement of the series terms corresponding to k > N 1 . This is equivalent to the approximation of only nonoscillating components corresponding to the contribution of complex z l and ζ k with l, k > N 1 ,
while the contribution of the first N 1 real and complex zeros and poles is automatically taken into account with increasing frequency. With the use of the asymptotics of t k , the derived solution adequately describes the oscillation with x inside Ω and also the behavior of the solution for x ±a. In addition, an increase in the size of the contact area [-a, a] leads to a decrease in the contribution of the complex poles, which is proportional to ; i.e., in contrast to the Galerkin method, we have a decrease in the amount of calculations.
In the case of M strips, to reduce the problem to a functional equation in the Fourier transform domain, the displacement of each of the strips v m is defined on the whole axis as equal to zero: 
constants e m , and are expressed through the
From Eqs. (3.5) and (3.6), we obtain
and an infinite algebraic system of equations in the unknown constants t m, k = ( , ) (m = 1, 2, …, M; k = 0, 1, 2, …) appears, as above, from the condition eliminating the poles of Q m (α) that are induced by the denominator zeros z m, l :
= 0:
The following steps (derivation of the final form of the matrix elements of the system, substitutions for the elimination of exponentially growing components, and regularization by taking into account the asymptotics of the unknown t m, k at k ∞) are more cumbersome but basically similar to those described in [13, 14] . A detailed description of the scheme is given in [15] together with the results of a numerical analysis of the wave and energy characteristics of the system under study. Below, we only consider some typical examples that illustrate the comparison with the simplified models and the nature of the resonances revealed by us. ±∞ is reduced to determining 8M constants of the general solution to Eq. (4.1) on 2M + 1 intervals, into which the x axis is divided by the points x m ± a m (m = 1, 2, …, M), from the 8M boundary conditions (4.2) (two pairs of constants are assumed to be equal to zero according to the radiation conditions).
To compare the models, in Fig. 2 we present on a logarithmic scale the frequency dependences of the vertical displacement amplitudes of the layer surface |u z |/he 1 (the solid line) and the plate surface |w|/he 1 (the dashed line) excitated by two patches at the point x = 0 (between the patches) and in the far zone at x/h = 50. Here and below, all the results are represented in dimensionless form in units expressed through three basic quantities: the thickness h (for linear dimensions), the velocity of S waves v s , and the density of the waveguide ρ. The dimensionless circular frequency is expressed as ω = 2πfh/v s , where f is the dimensional frequency in hertz.
The source parameters E z and d 31 are chosen so that, in Eq. As one would expect, the results obtained for the layer and the plate agree well in the low-frequency range ω < 0.1 and qualitatively differ for ω > 1. The discrepancy between the results obtained for ω > 0.1 is related to the use of the quasi-static approximation for concentrated moments M j , which ignores the changes introduced by the piezoelectric elements into the inertial properties of the composite. The qualitative difference in the results obtained at higher frequencies is related to the deviation of the dispersion curve of the flexural mode of the plate ζ(ω) (the dot-and-dash line) from the curve ζ 1 (ω) of the first antisymmetric mode of the layer a 0 and also to the appearance of higher modes (Fig. 4) . Figure 3 shows the curves |w(x)| and |u z (x)| for ω = 0.001 and 0.1, which demonstrate that, for ω ≤ 0.1, the results are also in good agreement from the viewpoint
of the spatial distribution of the surface vibration amplitude of the waveguide. In addition to the displacements w or u, an important characteristic is the time average (averaged over the vibration period 2π/ω) energy flux E 0 transmitted from the source (the system of strips) into the waveguide [7] . In the case under consideration, we have Here, t = T x u ≡ (σ x , τ xz ) is the stress vector at an area element with normal n = (1, 0); T x is the stress operator for this area; and (u, t) = u x + u z , where the asterisk denotes complex conjugation. In the far-field zone, u and t are calculated from representation (2.3), in which it is sufficient to retain only the first N terms corresponding to real ζ k associated with the traveling waves. The energy balance condition E 0 = E + + E -was used along with a numerical verification of boundary conditions (2.9) to test the validity of the numerical results. The total amount of energy supplied to the layer can be represented as a sum that is obtained from Eq. (4.3) by replacing the contour integral by residues [7] :
Here, E k is the energy carried to infinity, to the left and to the right, by each of the travelling modes.
At a fixed amplitude of the electric field, the amount of energy E 0 transmitted into the waveguide from one strip only depends on the strip size a and frequency ω. For a single strip, examples of the dependence E 0 (a) are shown for different frequencies in Fig. 5 . For low frequency ω = 1, in addition to E 0 (a), the component dependences E 1 (a) and E 2 (a) that correspond to the contributions of the flexural and longitudinal fundamental modes are shown in Figs. 5b and 5c. Other waves traveling in the layer at this frequency are absent, whereas, at ω = 10 ( Fig. 5f ), N = 6 (see Fig. 4 ).
In addition to the pole curves ζ k (ω), Fig. 4 shows curves of zeros z n (ω) (the dashed lines), which coincide with the poles of the Green matrix symbol of the strip-
) . = layer structure; i.e., they are the wavenumbers of the normal modes excited in the zone |x| < a (under the strip). Therefore, the wave pattern in the strip contact zone is described by a linear combination of exponentials , while outside the strips it is described by exponentials (see Eq. (3.1)). For the first two modes, the zero-point and pole curves practically coincide, but for higher modes a noticeable difference is observed (Fig. 4) . In other words, the presence of a thin patch hardly affects the characteristics of the fundamental modes a 0 and s 0 . Hence, in calculations, one can assume that these modes are the same as those of a free layer. However, when ω > 2.7, not fundamental but higher modes determine the main wave effects, for example, the resonance maxima of dependences E 0 (a) in Fig. 5 .
The mechanism of the appearance of these maxima manifests itself most clearly in the simplified plate model, where the effect of the strip is replaced by two point sources spaced at a distance of 2a. Since they operate in antiphase, the waves excited by them are e ±iz n x e ±iζ k x added together when the distance 2a is equal to a halfinteger number of wavelengths λ:
For bending plate waves governed by Eq. (4.1), λ = λ b = 2π/ζ. A numerical analysis has shown that relation (4.5) also yields the resonance strip width in the case of a layer if λ is taken to be the wavelength λ n = 2π/z n of the normal mode excited in the strip contact area. When ω > 2.7, the main contribution to E 0 is made by only one of the higher modes for almost all the frequencies of this range. Exceptions are the narrow frequency bands in which the energy redistribution from the previous principal mode to the next one takes place. In Fig. 4 , the main parts (i.e., the parts used for calculating the resonance patch size from Eq. (4.5)) of the dispersion curves z n (ω) are indicated by circular markers. The corresponding values obtained for a are shown in Fig. 5 by vertical lines.
At ω = 1 (Figs. 5a-5c ), the main contribution to E 0 is made by E 2 , and, therefore, the total periodicity of E 0 (a) is determined by the wavelength of mode s 0 : λ 2 = 2π/z 2 , although the contribution of E 1 is also noticeable and manifests itself in the appearance of local extrema and a slight displacement of the global maxima. At higher frequencies (Figs. 5d-5f ), the contribution of nonprincipal modes is insignificant, and the main parts of the curves z n (ω) (Fig. 4 : n = 3 for 2.7 < ω < 8.5, n = 4 for 8.5 < ω < 14, n = 5 for ω > 15, and so on) are aligned in a single line.
For the strip system, the suppression or amplification of the emitted signal at given sizes, positions, and frequency depends on the amplitude and phase shift of the control fields E z, m (see Eq. (2.8)). For a plate, these effects can also be easily analyzed using the representation of w(x) in the form of a superposition of flexural waves arriving at a given point x from the ends of the strips: For a layer, the parameters that maximize the radiation or provide for its required directivity are determined numerically. As an example, in Fig. 6 , we present the dependences of E 0 (ϕ)/2E (where E is the energy arriving from one strip) and κ + (ϕ) = E + /E 0 on the phase shift ϕ 1 = ϕ, ϕ 2 = 0 for the same system of two strips as that used in the examples shown in Figs 
CONCLUSIONS
On the basis of a rigorous solution of the dynamic contact problem for a set of flexural patches interacting with an elastic layer, we developed a mathematical model describing the operation of piezoceramic patch actuators. The model allows one to perform a fast parametric analysis of the characteristics of the excited wave fields and, in particular, to determine the parameters for controlling the radiation from a set of actuators by the phase shift of the driving electric field supplied to different strips. In the low-frequency range, this model agrees well with a simplified model, which takes into account only the fundamental bending mode of the elastic waveguide.
In the high-frequency range, a resonance energy radiation was revealed for strips whose width was equal to a half-integer number of wavelengths of one of the modes excited in the layer-strip structure. It was shown that the ordinal number of the mode determining the resonance condition monotonically increases with frequency.
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